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CORRETATION OF EXPERIMENTAL AND CALCULATED EFFECTS OF
PRODUCT OF INFRTIA ON LATERAL STABILITY
By Merlon O. McKinney, Jr. and Hubert M. Dreke-. .

SUMMARY

A correlation of experimental and calculated effects of the
product of inertia on the stabllity of the lateral oscilletloms of
alrplanes has been o'bta.tned. from Flight teste of a free-flying air-
plane model having a L2° sweptback wing end from calculations of the
stability of the modsl. In order to provide a compreshensilve correla-
tion, the static directional stebility of the model was varled by
changing the vertical-tail area and tail length and the inclination
of the longitudinal principal axis of inertia relative to the wind
axis was verled by changing the wing incidence.

The calculated lateral-stability boundaries were found to be
in good agreemsnt with measured lateral stability when the produch-
of -inertie terms were included in the calculations. Neglecting the
product of inertia, however, led to wide discrepancies between
calculated and measured stebility. These results emphaslzed the
necessity for considering the product of mertia. in latera.}.-sta.'bility
analyses. .

The gensral flying charscteristice were influenced primarily
by the static directional stebility end to a lesger degree by the
stability of the lateral oscillations. A certain minimm emount
of static directional stebilidy was required to give good controlla-
bility even vhen less directional stebility provided good demping
of ‘the lateral oscilletions.

INTRODUCTION

Until recently the effects of the product of inertis usually
have been neglected in labersl-gtebility asmalyses because the
lateral ~stability studles of reference 1l indicated that these
effects were relatively unimportent for conventional sirplanes.
Calculetions in reference 2, however, show that the product of
inertia may have a pranounced effcst cn the lateral stability of
same high-speed airplanes because of high wing loadings, large
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differences bétween yewing avd rolling moments of inertia, high
operationsl altithides, and sweepback. The sweepback may ceuse

high effective dihedrel and high angles of attacl: and, consequently,
large angles botwsen the principal longitudinal axis of inertia

and the wind axis.

In order to cbtain an experimental check of lateral-gtability
calculations including the product-of -inertia teorms, & systematic
geries of flight tests have been made in the Langley free-flight
tunnel. A modsl having a 42° sweptback wing was used to determine
experimentally the effects of the product of inertia on the leteral
stability of the Ffres-flying modsl for correlation with the cal-
culated stebillty characteriastics of the model. In order to
provide. a comprehensive checl of the calculations, the directional
stebllity of the model was varied. by changins; the vertical-tail
size and tall length and the gquantitative effects of the product
of inertia were varied by changing the wine, incidence and thereby
changing the inclination of the principal axes of ineritla relative to
the wind axes. :

SYMBOLS

* The forces and moments are referred to the stebility axes, which
are defined as an orthogonel system of axes intersec‘bing at the
airplane center of gravity in which the Z-axis is in.the Plane of
symmetry and perpendiculsr to the relative wind, the X-axis is jin
the plane of symmetry and perpendicular to the Z-a.xis , and the
Y-axls is perpendiculer to the plene of symmetry. A diagram of
these axes showing the positive direction of forces a.nd. moments
is presented. in f*gure 1. _ .

The symbols and coefficlents are defined as follows:

W . weight of model, pounds

m mass of model, slugs

8 wing ares, square feet

Sg vertical-tall area, squere fest

b wing span, feet

c ,wiﬁg chord, feet _

1 tail length (d.ista.nce from center of gra.vity to

Tuddsr hinge line), feet
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z helght of center of pressure of vertlical tall above
fuselage axis, feet
i, angle of incidence of mng; dogrees
oy radius of gyration of model about principal longitudinal
sxis, feet
ey radiue of gyration of model ebout principel normal &axis,
foet
Kyo, product-of ~inertia factor, foets ((kza - kxe cos 71 sin 'q)
n angle of attack of principal longitudinal axis of ailrplane;
poslitive when forwerd end of majJor principal axdis l1s
gbove X-axis
v airspeed, feet per second ‘
a dynemic pressure, pounds per square foob (%pve) ’
T rolling angular veloclty, radiens per second
r yawing angular velocity, radlans per second
mass density of alr, slugs per cubic foot
angle of sideslip, degrees except where ctherwise noted
@ angle of attack of fuselage axis, degrees
vd angle of climb, degrees
13 - eirplane rolative~density factor (L)
pShb
Cy, 1ift coefficlent (mis )
Cy lateral ~force coefflcient (w—zs c)
_ e o
C rolling-moment coefficient (Mm
Tawing mowent
cn yawing~moment coefficient ( aSb _
CYB rate of change of lateral-~force coefficient with angle of

8idesllp in radians 36
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C, rate of chenge of rolling-moment coefficient with angle
B of sideslip in radlans (except where specified to be
&€
in degrees) 51—3}-
CnB rate of ch?:'nﬁa_of yawihg-moment coefficient with angle of

sldeslip in rasdians (excep’t where specified to be in
degrees) -a-éﬁ

CYP rate of change of lateral-force coefficignt with rolling-

angular~velocity factor in radians '—G"L]
2v

c, rate of change of rolling-moment coefficient with rolling~
D oC
angular-velocity factor in radians 'a—ﬁ%
_ 2v,
01.JP rate of change of yawing-moment coefficigrczt with rolling-
engular-veloclity factor in radians ——T)—%
' 2v
Czr rate of change of rolling-moment coefficécent with yawing-
angular-veloclty factor in radians a—r%-)
v
Cnr rate of change of yawing-momsnt coeffic ggt with yawing-
angular-veloclty factor in redlans _-Ei
2V,
APPARATUB

The investigation was conducted in the Lengley free-flight tunnel,
which is equipped for tosting freo-flying dynamic airplene models. A
description of the tunnel end its opesration is given in references 3
end 4. Free-oscilletion tests were made to dstexrmine the demping=-in=-
yaw derivetive Cnr by the method described in reference 5. Steady~

rotetion tests were made to determine the damping=~in=-roll deorivae=~
tive czp by the method described in reference 6.

A sketch of the model used in the investigation is shown as
figure 2. This model is described in referonce 7 except for a few
chenges which wore necessary for the present investlgation. Wedge-
shape blocks were provided in order that the wing might be mounted
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on the fuselage with 0%, 109, ard -10° incidence. The riodel was
~equipped wlith a set of interchanueablo vertical tails, ranging in

size from 2.6 to 10.4 percent of the wing area, which could be
mounted at any of the three tail-lenath positions indicated in
figure 2. The verious model configurations tested are identifled
in table I. - . :

TESTS AND CALCULATIONS

Force tests of the model were made to dstermine the values of
static-lateral~stability derivatives wilh various vertical-~tail
arrangements end wing incidences. Flight tests Jf the model were
made at a lift coefficient of O. 6 with engles of incidence of the
wing of 0°, 10°, end -10° and vith vertical-tall arrangements
gliven in 'l:a'ble I that provide the valuwes of the directicnal-
stabllity peramster C, and the effective dihedral parameter -C."B

indicated in figure 3.

The model was Tflown at sach test condition to determine the
8tability of +the Dutch roll osciliation, which was recorded by
photographing the uncontrolled moticns of the model after & dls-
turbance caused by ebruptly deflecting the ailsrons to roll the
model from aspproxinstely 30° bapnk Lo level flight and then centering
the controls. In some of the cases-the flying characteristics of
the model were too poor teo permit recording the uncontrolled motlions
of the model end it was necessary to resort to the pilot's observa-
tions to determine whether the model vas steble. The pilot's
impression of the gemeral flying characteristics of the model were
also noted in order to provide dats concerning the easo of flying
the model, both for level flight and for performance of the mild
maneuvers posslible 1n the twnnel. The retings of the general flying
characteristics of the model in controlled flight generally indicate
vhother stability and controllability are adeguate and properly
proportioned. The vertlical-taill aree end taill length were selected
in an attempt to bracket the oscillatory-stablility bowmdaries in
ocrder to provide the desired correlation of test and theory.

All the flight tests were made with the rudder coupled to the
allerons for lateral control, and.the ratioc of rvdder deflection to
.ailleron deflegtion was adJusted for each best condition to minimize
the adverse yawing due to rolling esnd alleron deflection. For the
lower values of directional stability, however, the adverse yawing
could not be entively slimlnated.
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Calculations were made by the method pressnted in reference 2
to determine the boundery of neut.al stability of the labteral oscilla-
tion of the modsl. Two sets of calculations were made, one taking
into consideration and the other neglecting the product of inertia.
The boundaries for the model with & 10° angle of incidence of the
wing were computed by assuming changes of the tall size, and the
boundaries for the model with 0° and -10° angles of incidence of
the wing wers computed by assuming chenges in the tail length in
order to make the calculations consistent with the test procedure.

The aercdynamic and masa characteristics of the model used in
the calculations are presented in teble IX. The mass characteristics
of the model were obtailned by measurementa. The inclination of the -
principal longltudinal axia of inertlse to the fuselage axis was
found to be less than 0.3° for &ll wing incidences and was assumed
to be zero in the calculabtians. The trim airspeed, flight-path angle,
and angle of attack werse determined from free-flight tests. The
values of CYB (tail off) and Cnﬁ (tell off) were obtained from

force teate. The values of CYB (tail) for configurations B and C

were a8lso obtalned from force tests. (See table IL.) The tall-off
values of CZP and Cnr vere determined from steady-rotatlion and

free-cscillation tests, respectively; and the tall-off valuea
of Czr and Cnp vere estimeted from the cherts of reference 8 and

unpublished wind-tunnel data. The tall contributiona to the stabllity
derivatives were estimated from the equeations gilven 1n the footnote

of table II, which are similar to those given in reference 9, by
ubtllizing the experimentally determined values of OYB contributed

by the vertical tails and the arbitrarily chosen values of tail

length in the case of canfigurations B and C and by utilizing the

glven tail length and arbitrarily chosen velues of Cyﬁ |
(tail

the cese of configuration A.

RESULTS AND DISCUSSION
Stability

The resulis of the stebillity investigation are presented in
figures 3 and 4. Figure 3 shows the calculated oscillatory-stability
boundaries of the model and indicates whether the uncontrolled
lateral osclllations of the model were steble, neutral, or unstable
in the configurations tosted. Figure 4 shows typlcal time historiss of
the wncontrolled rolling motlon of the model following a rolling
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disturbance. Only the rolling motlions zre presented for simplicity.
The period and damping of the rolling motions, however, are identical
with those of the yawing and sideslipping. Inasmuch as spirel
atablility 1is considered relatively vmimportent snd the calculations
indicate no effect of the products of inertle, the spiral stability
of the model was not investigated.

Vhen the product of inertia terms were included in the calculs~
tions of the stability boundaries, the boundaries were in good
agreement with the £light test results as shown in figures 3(a)
and 3(b). Filgure 3(c)} shows that the model was steble, as is
Indicated by the calculated stability boundary which included
product of inertia. However, it wes impossible to check this.
boundary closely because the model could not dbe flown et negative
values of Cn . A simple Illustration of the pronownced effect of

the product of inertia. may be cbtained by a comperison of test
points for configurations A3 and By in which the model con-

figurations were identical except for the change In wing incildence
and the consequent change in the angle of attack of the principal
longitudinal exis of inertia. In configuration Az (i, = 10°)

the model was unsteble whereas In configuration B; (i, = 0°) the
model wes quite stable.

.The test results sxe at varisnce with the stebility boundaries
which were calculated by neglecting the product of inertia. This
difference is perticularly evident in figures 3(b) and 3{c). Some
additional calculetions were made in order to insure that poor esti-
mates of the stability derivatives which were not measured could not
account for the discrepency between the test results and the calcu-
lations in which the product of inertis was neglected. The results
of the calculations sre presented in figure 5 which shows the effecta
on the stebllity boundary of introducing a large value of the
stability derivative CYP, doubling the tail-off value of Czr >

or using one-half the estimated value of Cnp (tail off). None of

these changes in the stability derivatives could account for more
than approximately one-fourth of the difference betweon the calcula-
tlons neglecting the product of inertia terms and the point of
neutral stebllity as determined Ffrom the tests. The product of
insrtis terms.shonld therefore be included in laterai~stability
calculations.

The stebility or instabllity of the uncontrolled motions of the
models, as shown in figure 4, was quite definite except for test
configuration 33_which appears, tc be dbout neutrally stable. No
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recorde of the uncontrolled lateral motions could be mede for the
condition of ~10° wing incidence because the pcor flying charec-
teristics of the model with so I1ittlo directlonal stability nade
guch records very difficult to obtain. The pilot's lmpression
wag, however, that the lateral oscillations of the model for these
conditions were heavily dampod.

The date of figures:3 and 4 are in good azreement with refer-
ence 2 regarding the proncunced effecta of tLe product of inertia
on latersel stability. At the present time there are not sufficlent
data to determine when the effects of the product of ihortia will
be important; hence, the nroduct of. inertia should be cansidered
in all lateral-stdbility analyses.

General Flight Behavior
The flight-test results. presented in figure 6 show that the
general FTlight behavior of-the model was influenced primerily by
the static direotional stabiliby, which hes & pronounced effect
on the response of the modsl to the controlsm, and to & lesser degree
by the dynamic lateral stabllity. .

At constant an’ increasing the oscillatory stability by

decreasing the wing incidence improved the general flight behavior

of the model because an increase in the stability increases the
tendency of the model to fly itself and thereby mekes the plloting

of the model easier and the Tlirht smcother. The most apparent
effect of the oscillatory stebility on the general £iight pehavior
wasg Tound by corparing the flying cheracteristics of configurations A3
and Bl.

Increasing the directional stability improved the general
behavior of the model by improving the response to controls as
was expleined in reference 10. This effect was ospecially noticeable
with the present model because of the high effective dihedral of the
model. When edverse yawing occurred this high effective dihedral
produced rolling moments which opposed the allercn rolling momente
and thus reduced the effectiveness of the ailerons for controlling
the model. The data presented in figure 6 show that the model was
easier to fly in configurations Ap and A3 than in configurations Bo

and Bg, 1in spite of the fact that the lateral ogcillations were
wnstable for the A confipurations and sitable or neutrally stable
for the B configurations. The directlonal etebility of the model
was too low for satisfactory response to the combtrols in configura-,
tions Bz and B3. For configuration C3 the response of the model

to the controls was so poor that it wes virtually unflyable although
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the lateral oscillations were apparently very stable, as was indicated
by the calculations. The model could not be Fflown with any less
directionel stablility than it hed in configuretion G3.

It was therefore cancluvded that general £light behevior was
infliuvenced primarily by static directional sitebillity and to & lesser
degree by the dynemic latheral sbebility and that a cerbain minimua
amount of statlc direotional stebllity was regulred to give good
response bto the controls even when lese directionel stebility
provided good damping of the leteral oscillaetions.

CONCIUSIONS

The following conclusions were dxewn from aa investigation in
the Iangley free-flight btumnel +to cbtain a correlation between the
calculated and the measired effects of the product of inertia on
lateral stabllity characteristics: )

1. The calculated lateral=-stability boundaries were iIn good
egroement with measured lateral stebllity whean the product. of
inertla terms were included in the calculations. Neglecting the
product of inertia, however, led to wide discrepancies between -
calculated and measured stability. These results emphasized the
necesslty for consldering the product of inertia in leteral-
stability analyses. - R .

2. The general flying cheracteristics were influenced primerily
by the statlc directional stebility snd to a2 lesser degree by the
stability of the lateral oscillations. A certain minimm emount
of static directional stebllity wes required to glve good cantrolla-
bllity even when less directional staebllity provided good damping of
the lateral oscillations.

Langley Memorial Aeronsitical La'bocra.to'rj " -
Netional Advisory Commlittee for Aeronautics g
Langley Fleld, Va., Mey 21, 1947
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TABIE I

VERTICAL-TAIL ARRANGEMENTS FOR THE VARTIOUS

MOIITT, CONFIGURATIONS

Model MG¥dj§gce s Igifig‘};, le‘I’ail ,
configuration (é.gg) St /s

Aq 10 0.10k 0.67
Ay 10 .078 E7
A3 10 .052 67
By o] 052 67
‘Bg ) 052 Ja
B, 0 052 15
c, =10 026 67
Cp ~10 026 A1
Cg =10 026 15

NATIONAT ADVISORY
COMMITTEE FOR AERCNAUTICS
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TABIE XX
CHARACTHRISTICS CF THE MOTEY USED IN THE QALCULATIONS
Comfiguration A Configuration B Canfiguration C
1y 10.0 o -10.0
W 510 h.64% %,10
w/s 2.04 1.855 2.04
® 3.8 3.8 3.8
o 0.00238 0.00238 0.00238
v 53.5 5L.2 3.5
B T00 .3k T7.00
kx 0.475 0.510 0.473
k; 1.31% 1.290 1.31%
Xyp ©.0ukT 0.151 -0.438
/e _ 0.67 byarisble braristle
I 0. . 0.0 0.0
/v 1345 ‘ﬁ;ﬂ( ) e 36
o, 0.6 0.6 0.6
& =40 6.0 15.0
v 0.0 .0 9.0
-0.00Th + ~0.007h + ~0.007h +
o1 cxf’(t--as.l) c’!’(ml} oot c"n(uu)
"o i TOVE) * %B(emna) i T
sc,p -0.230 + c,T( N ~0.230 + clp( ) -0.230 + c;r(w)
ag, =0.0332 + 0, . ~0.0332 + =-0,0332 +
op “p(tas1) "2 (va11) c“!?(1;-5.:.)
&g 0.12% + C 0.125 + C 0. +C
r br(tat1) T (tas1) 2 O 1)
& ~0.0090 + O ~0,0090 + C =0.0090 + C
%oz Br(tadgl) Br (tasl) “r(ta11)
byariable -0.1870 -0.0784
Oy,
B (ta11)

®ra1l contributicns are determined from the following equatione:

k9
%05 (rat1) =% B (tat1)

ofm_1 2
czl’(uu) E(b bum u.) c’ﬁ(m)

Yz -1
o”?(uu) ) 01"(&11) - 5(" b ° ﬁ)czﬂ(uu)

7 o iaany 2(‘17)2 %8 (1at1)

bvm.a syntematically as independent varisble to rrovide the desired rengs of
of the stablility boundaries. .

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

"

(Jnﬂ for the determination
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Wind
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Z NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure / - The Stability sysfern of axes. Arrows indicate
positve  directions aof moments, forces, and control-
Surface deflections. This Systerm  of axes /s defined as
an orthogonal systern having ther origin af the
center of grawly and In which the Z-axis 5 /n The
plane  of symmetry and perpendicular 1o the relative
wind, the X-axis 1s i the plane o symmelry and
perpendicular to the Z-aws, and the Y-axis /s
perpendicular  fo the plane of symmerry.
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Fig. 4
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Figure S.— Effect of varying some of the stability
derivotives on the oscil/otory-stabiity boundaries
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Fig. 6
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